Abstract. Let S = K[x 1 , . . . , x n ] be a standard graded polynomial ring over a field K. In this paper, we show that the lex-plus-powers ideal has the largest graded Betti numbers among all Borel-plus-powers monomial ideals with the same Hilbert function. In addition in the case of characteristic 0, by using this result, we prove the lex-plus-powers conjecture for graded ideals containing x p 1 , . . . , x p n , where p is a prime number.
Introduction
Let S = K[x 1 , . . . , x n ] be a polynomial ring over a field K with each deg x i = 1. In this paper, we study the graded Betti numbers of Borel-plus-powers ideals introduced by Mermin, Peeva and Stillman [11] , and show the lex-plus-powers conjecture for these ideals.
A monomial ideal I of S is said to be strongly stable if ux j ∈ I implies ux i ∈ I for all 1 ≤ i < j ≤ n. Also a monomial ideal I of S is said to be lexsegment if, for all monomials u ∈ I and v > lex u with deg v = deg u, it follows that v ∈ I, where < lex is the degree lexicographic order induced by x 1 > · · · > x n . Let a = (a 1 , a 2 , . . . , a n ) be a sequence of integers or ∞ satisfying 2 ≤ a 1 ≤ a 2 ≤ · · · ≤ a n . A monomial ideal I of S is said to be a-Borel-plus-powers (respectively a-lex-plus-powers) if there exists a strongly stable (respectively lexsegment) ideal J of S such that I = J+(x an n . The Clements-Lindström Theorem [2] says that there exists the unique a-lex-plus-powers ideal with the same Hilbert function as I. In [11] , Mermin, Peeva and Stillman conjectured that the a-lex-plus-powers ideal has the largest graded Betti numbers among all a-Borelplus-powers ideals with the same Hilbert function, and proved it in the case when a 1 = · · · = a n = 2. In this paper, we prove this conjecture, that is to say, we show The above theorem is a special case of the lex-plus-powers conjecture (see [4, 5] ), which states that the a-lex-plus-powers ideal has the largest graded Betti numbers among all graded ideals containing a regular sequence of homogeneous elements of degrees a 1 , · · · , a n with the same Hilbert function. By using the special case when We also study the graded Betti numbers of monomial ideals containing the squares of the variables. If a 1 = · · · = a n = 2, a-Borel-plus-powers (respectively a-lex-pluspowers) ideals are called Borel-plus-squares (respectively lex-plus-squares) ideals. First we show that the graded Betti numbers of a Borel-plus-squares ideal I are equal to those of the lex-plus-squares ideal with the same Hilbert function as I if and only if I is the lex-plus-squares ideal. Second, we extend [11, Theorem 1.1] in arbitrary characteristic, that is, we show that the lex-plus-squares ideal L has the largest graded Betti numbers among all graded ideals containing x n ) increase by combinatorial shifting (see [9, §8] ), where I ∆ is the Stanley-Reisner ideal of a simplicial complex ∆.
This paper is organized as follows: In §2, we describe the graded Betti numbers of Borel-plus-powers ideals. In §3, the proof of Theorem 1.1 is given. In §4, we study the graded Betti numbers of monomial ideals containing x 
Betti numbers of Borel-plus-powers ideals
Let S = K[x 1 , . . . , x n ] be a polynomial ring over a field K with each deg x i = 1. Let a = (a 1 , a 2 , . . . , a n ) be a sequence of integers or ∞ satisfying 2 ≤ a k for k = 1, 2, . . . , n. Setā = (a 1 − 1, a 2 − 1, . . . , a n − 1).
. . , n. Let V be a set of a-monomials of S. We say that V is strongly a-stable if, for any a-monomial ux j ∈ V , one has ux i ∈ V for all i ∈ {k : k < j and ux k is an a-monomial of S}. Also, V is said to be a-lexsegment if, for all a-monomials u ∈ V and v > lex u with deg v = deg u, it follows that v ∈ V . A monomial ideal generated by a-monomials is called an a-ideal. An a-ideal I is said to be strongly a-stable (respectively a-lexsegment) if the set of all a-monomials in I is strongly a-stable (respectively a-lexsegment).
In the rest of this section, we assume a 1 ≤ · · · ≤ a n , and write P = (x
. Also we write |σ a | = deg x a σ and |σā| = deg xā σ . For any a-monomial u = x
and let 
for all p ≥ 0 and s ≥ 0.
To prove the above statement, we first recall the relation between the graded Betti numbers of an a-ideal I of S and those of I + P given in [11, Theorem 6.1] . For a finite set V we write |V | for its cardinality.
Theorem 2.2 (Mermin-Peeva-Stillman). Let I be an a-ideal of S and let
. We have the long exact sequence The above theorem immediately implies the next corollary.
Corollary 2.3. Let I be an a-ideal of S. Then
for all p and s.
Next, we recall how we can obtain the graded Betti numbers of strongly a-stable ideals. For any nonunit a-monomial u of S, we write max u = max{j : x j divides u} and m a (u) = |{j ∈ [n] : j < max u and ux j is an a-monomial}|. 
for p > 0 and s ≥ 0.
We will prove Proposition 2.1 by using Theorems 2.2 and 2.4. 
for all integers a and b. Suppose that I is strongly a-stable. 
for p > 0 and s ≥ 0. Then the above equation and (3) say 
where∪ denotes a disjoint union.
Proof. In both (5) and (6) 
Now, by using Lemma 2.5 and (4), for any strongly a-stable ideal I of S, one has
for all p ≥ 0 and s ≥ 0. A routine computation implies ∑ σ⊂ [N ] δ p,|σ| δ s,|σā| = β pp+s (S/P ). Then Proposition 2.1 follows from Lemma 2.6 stated below.
and ∑
Before proving Lemma 2.6, we write a few fundamental facts on binomial coefficients, which will appear many times in the proof. The next statement easily follows from the well-known relation
) .
Proof of Lemma 2.6. Let i t+1 = 0, ε = κ a (u) and ε ′ = min{ε, t}. We write
and write
First, we show (7). Since we assume
for all p. Since m a (1; σ) = −1 and i t+1 = 0, the lefthand side of (7) is equal to
for all p, as required.
Second we consider (8) . For j = 1, 2, . . . , t + 1, let
For the proof of (8), we will show two equations (11) and (12) stated in Steps 1 and 2 below.
Step 1 :
Thus, in the same way as (10), we have
for all p. Then Lemma 2.7 (a) says that the lefthand side of (11) is equal to
for all p, as desired.
Step 2 : We claim that if ε = t + 1 then, for all p ≥ 0, one has
Thus we have
for all p ≥ 0.
Then (12) follows since
by Lemma 2.7 (a). Now we will show (8) . Recall that i j ∈ τ for j < ε and i ε ̸ ∈ τ . Then, by the definition of η j , we have (11) and (13) 
for all p (we use Lemma 2.7 (b) for the last equality). Since
, (14) is equivalent to the desired equality (8) .
. Also (11), (12) and (13) 
for all p. This is equivalent to the desired equality (8) .
. Then I is strongly a-stable. The set of a-monomials of degree 3 in I is
and that of degree 4 is {x
3 )). Proposition 2.1 says
Thus β 0,3 (R) = 0, β 1,4 (R) = 2, β 2,5 (R) = 2 and β 3,6 (R) = 1.
Comparison of Borel-plus-powers ideals and lex-plus-powers ideals
In this section, we will prove Theorem 1.1. Let a = (a 1 , . . . , a n ) be a sequence of integers or ∞ satisfying 2 ≤ a k for k = 1, 2, . . . , n. Let < rev be the degree reverse lexicographic order induced by 
Proof. We use induction on n and s. If n = 1 or s = 0 then the statement is obvious. Suppose n > 1 and s > 0. Set strongly (a 1 , . . . , a n−1 )-stable and L ′ is (a 1 , . . . , a n−1 )-lexsegment, the induction hypothesis says that
. . , a n−1 , a n − 1). 
Then the statement follows from (15), (16) and (17).
On the other hand, if a n = 2 then is (a 1 , . . . , a n−1 )-lexsegment. Thus the induction hypothesis implies (17) again, and therefore the statement follows.
We also require the following fact. 
Monomial ideals containing the squares of the variables
If a 1 = · · · = a n = 2, a-Borel-plus-powers (respectively a-lex-plus-powers) ideals are called Borel-plus-squares (respectively lex-plus-squares) ideals. In this section, we will study the graded Betti numbers of monomial ideals containing x . If a 1 = · · · = a n = 2, then a-ideals are squarefree monomial ideals. Also strongly a-stable (respectively a-lexsegment) ideals are said to be squarefree strongly stable (respectively squarefree lexsegment) if a 1 = · · · = a n = 2.
Let ∆ be a simplicial complex on [n]. Thus ∆ is a family of subsets of [n] satisfying that if F ∈ ∆ and G ⊂ F then G ∈ ∆ (we do not assume {i} ∈ ∆ for all i ∈ [n]). For
The Stanley-Reisner ideal I ∆ of ∆ is the ideal of S generated by all squarefree monomials x F ∈ S with F ̸ ∈ ∆. A simplicial complex ∆ is said to be shifted if F ∈ ∆ and i ∈ F imply (F \ {i}) ∪ {j} ∈ ∆ for all i < j ≤ n. Thus ∆ is shifted if and only if I ∆ is squarefree strongly stable.
For any squarefree monomial
The next statement is a special case of Proposition 2.1. 
For any simplicial complex ∆ on [n], let ∆ lex be the simplicial complex on [n] whose Stanley-Reisner ideal I ∆ lex is the squarefree lexsegment ideal with the same Hilbert function as I ∆ . Then I ∆ lex + Q is the lex-plus-squares ideal with the same Hilbert function as I ∆ + Q. In Theorem 3.4 we proved β ij (I ∆ + Q) ≤ β ij (I ∆ lex + Q) for all i and j. It would be natural to ask which simplicial complex ∆ satisfies β ij (I ∆ + Q) = β ij (I ∆ lex + Q) for all i and j. We consider this problem for shifted complexes. 
Then, by Lemma 2.7 (b), we have
. Proof. It suffices to show that if
for some i and j. Suppose that there exists a squarefree monomial x F of degree s satisfying x F ∈ I ∆ and x F ̸ ∈ I ∆ lex . Let B = {x F 1 , . . . , x Ft } be the set of squarefree monomials of degree s in I ∆ , and let L = {x G 1 , . . . , x Gt } be the set of squarefree monomials of degree s in I ∆ lex . Then by Corollary 3.2 we may assume that
. , t. Also by the assumption there exists an integer
Remark 4.4. Theorem 4.3 does not hold for all a-Borel-plus-powers ideals. Indeed, if a 1 = · · · = a n = ∞ then a-Borel-plus-powers ideals are strongly stable ideals and a-lex-plus-powers ideals are lexsegment ideals. It is known that the graded Betti numbers of a graded ideal I are equal to those of the lexsegment ideal L with the same Hilbert function as I if and only if I is Gotzmann, that is, β 1 (S/I) = β 1 (S/L) (see [10] ), and there are many Gotzmann strongly stable ideals. On the other hand, we are not sure that there exists a simplicial complex ∆ which is not isomorphic to ∆ lex such that the graded Betti numbers of I ∆ + Q are equal to those of I ∆ lex + Q.
Next, we will show that the lex-plus-squares ideal has the largest graded Betti numbers among all graded ideals containing x 
otherwise.
This Shift ij (∆) is indeed a simplicial complex. It is not hard to see that there exists a sequence of pairs of integers (
is shifted (see e.g., [9, §8] 
be the augmented oriented chain complex of ∆ over K. Thus each C k−1 (∆) is the Kvector space with basis {e F : F ∈ ∆ and |F | = k} and each 
for all p and q.
To prove Theorem 4.7, we require the following notion. Let ∆ be a simplicial complex on [n] and I = I ∆ . The link of σ ⊂ [n] in ∆ is the simplicial complex In the rest of this section we will prove Theorem 4.7 by using the technique developed in [12] . Let ∆ be a simplicial complex on We remark following simple facts. 
for all p, q and k. On the other hand, the Hochster's formula says that, for any σ ⊂ [n] \ {i, j}, we have
for all p and q, and have similar equations for I lk ∆ (σ∪{j}) , I lk Γ (σ∪{i}) and
Then (21) says that, to prove (20), it is enough to show
for all k. Proof. By Lemma 4.10 (ii), we have
On the other hand, ∆ 1 ∪ ∆ 2 = Γ 2 follows from Lemma 4.10 (i) in the same way.
By using the Mayer-Vietoris exact sequence of ∆ 1 and ∆ 2 (see [14, p . 21]), we obtain the exact sequence
The above exact sequence together with Lemma 4.12 says
for all k, as desired. 
Proof. We will show ∆ 3 = ∆ 1 ∪ {F ∪ {j} : F ∈ Σ}. (Other cases can be proved in the same way.) It is clear that
Then Lemmas 4.12 and 4.13 say that
. By using the same exact sequences as (24), we have
is the map which appears in the Mayer-Vietoris exact sequence of ∆ 3 and ∆ 4 and δ
is that of Γ 3 and Γ 4 . Then Lemma 4.14, stated below, implies the desired inequality (23).
Hence there exists u ∈ C k+1 (Γ 3 ) such that ∂ k+1 (u) = a. By Lemma 4.13, u can be written in the form
α G e G∪{j} where each α F ∈ K. Since Lemmas 4.12 and 4.13 say that Γ 3 ⊂ ∆ 3 , we have
On the other hand, Lemmas 4.12 and 4.13 also say that
is an element of C k+1 (∆ 4 ). Since we assume j = i + 1, it follows that ∂ k+1 (v) = a. It is known that the graded Betti numbers of any graded ideal I are obtained from those of its initial ideal by consecutive cancellations (see [8, Corollary 1 .21] or [13] ). Moreover, Peeva [13] proved that the graded Betti numbers of I are obtained from those of the lexsegment ideal with the same Hilbert function as I by consecutive cancellations. Proposition 2.1 and (18) imply the following fact. 
